Abstract. Given a locally compact quantum group G, we define and study representations and C˚-completions of the convolution algebra L 1 pGq associated with various linear subspaces of the multiplier algebra C b pGq. For discrete quantum groups G, we investigate the left regular representation, amenability and the Haagerup property in this framework. When G is unimodular and discrete, we study in detail the C˚-completions of L 1 pGq associated with the non-commutative L p -spaces L p pGq. As an application of this theory, we characterize (for each p P r1, 8q) the positive definite functions on unimodular orthogonal and unitary free quantum groups G that extend to states on the L p -C˚-algebra of G. Using this result, we construct uncountably many new examples of exotic quantum group norms for compact quantum groups.
Introduction
In the theory of operator algebras, the C˚-algebras associated with locally compact groups play a prominent role, providing many interesting examples and phenomena which motivate the general theory. Two particularly important C˚-algebras associated with any locally compact group G are the full and reduced C˚-algebras, C˚pGq and CλpGq, respectively. In general, there always exists a natural surjective˚-homomorphismπ λ : C˚pGq Ñ CλpGq. Moreover, it is known that G is amenable if and only if C˚pGq and CλpGq are isomorphic, which happens if and only ifπ λ is injective. When G is non-amenable, there generally exist many intermediate quotient C˚-algebras C˚pGq Ñ A Ñ CλpGq.
Note that both the full and reduced C˚-algebras of a locally compact group G carry additional structure coming from the underlying group G. More precisely, they are Hopf C˚-algebras in the sense of [38] and the corresponding quotient mapπ λ : C˚pGq Ñ CλpGq is a morphism in the category of Hopf C˚-algebras. Therefore, it is natural to investigate the existence and structure of the intermediate (or exotic) Hopf C˚-algebra quotients C˚pGq Ñ A Ñ CλpGq.
In a recent paper [9] , Brown and Guentner made a significant contribution in this direction for discrete groups G. They showed that for any ideal D Ă ℓ 8 pGq, one can construct a corresponding Hopf C˚-algebra CDpGq-the D-C˚-algebra of G-by completing the group algebra CrGs in a suitable C˚-norm constructed from D. When D " ℓ 8 pGq, the corresponding ideal completion of CrGs is the full C˚-algebra C˚pGq and when D " C c pGq (the ideal of finitely supported functions) or when D " ℓ p pGq for 1 ď p ď 2, one recovers the reduced C˚-algebra CλpGq. For intermediate ideals C c pGq Ĺ D Ĺ ℓ 8 pGq (e.g. D " C 0 pGq or ℓ p pGq for 2 ă p ă 8), the resulting ideal completions CDpGq turn out to be quite mysterious and interesting intermediate Hopf C˚-algebras. In particular, Brown and Guentner showed that for a free group F k on 2 ď k ă 8 generators, there exists a p P p2, 8q such that the intermediate Hopf C˚-quotient C˚pF k q Ñ Cl p pF k q Ñ Cλ pF k q is exotic.
In a follow-up paper [32] , Okayasu gave a detailed study of the structure of Cl p pF k q. The main result in [32] (which was also obtained independently by Higson and Ozawa) is that for all 2 ă p ă 8, the Hopf C˚-algebras Cl p pF k q are mutually non-isomorphic (as Hopf C˚-algebras). Okayasu obtains this result by first showing that F k satisfies a suitable ℓ q version of the property of rapid decay for 1 ď q ď 2 with respect to the standard conditionally negative definite word length function on F k . This ℓ q property of rapid decay is then used to characterize, for each 2 ď p ă 8, the positive definite functions on F k that extend to states on Cl p pF k q [32, Theorem 3.4] . The non-isomorphism result follows from this characterization. Another remarkable consequence of this characterization is that each C˚-algebra Cl p pF k q admits a unique trace [32, Corollary 3.9] .
In this paper, our goal is to extend the theory of ideal completions to the general context of locally compact quantum groups. More generally, given a locally compact quantum group G and a linear subspace D of the multiplier C˚-algebra of "bounded continuous functions" C b pGq " MpC 0 pGqq, we define and study D-representations of G. Roughly speaking, these are representations π : L 1 pGq Ñ BpHq with the property that for each pair of vectors ξ, η in a dense subspace of H, the corresponding coefficient function ϕ With an eye towards studying concrete examples, we focus for a large part of this paper on discrete quantum groups. In the discrete case, we generalize many of the known results for D-C˚-algebras of discrete groups. In particular we show that whenever D is a subalgebra of C b pGq containing C c pGq (the algebra of "finitely supported functions on G") then CDpGq carries a coproduct∆ D making it a compact quantum group C˚-algebra (Proposition 3.16). Using Pontryagin duality, we can interpret CDpGq as a C˚-completion of the algebra PolpĜq of polynomial functions on the dual compact quantum groupĜ and therefore Proposition 3.16 provides a novel approach to the construction of exotic quantum group norms for compact quantum groups in the sense of Kyed and Soltan [31] . Pursuing this avenue (with inspiration from the work of Brown-Guentner and Okayasu), we consider unimodular discrete quantum groups and their corresponding non-commutative L p -spaces L p pGq. We show that in the quantum realm, L p -C˚-algebras of unimodular discrete quantum groups yield new and interesting examples of exotic compact quantum group norms. More precisely, we study in detail Van Daele and Wang's unimodular orthogonal free quantum groups (see [40] ) and prove the following theorem. Theorem 1.1 (Theorems 5.4 and 5.6 and Remark 5.5). Let N ě 3, F P GL N pCq a multiple of a unitary matrix with FF P R1, and let FO F be the corresponding unimodular orthogonal free quantum group with dual compact quantum group OF " z FO F .
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(1) For each 2 ă p ă 8, the canonical sequence of quotient maps C u pOF q Ñ CL ppFOF q pFO F q Ñ CpOF q from the universal quantum group C˚-algebra C u pOF q to the reduced quantum group C˚-algebra CpOF q (extending the identity map on L 1 pFO F q) are not injective. In particular, each L p -C˚-algebra norm defines an exotic quantum group norm on PolpOF q in the sense of Kyed and Soltan [31] . (2) For each 2 ă p ‰ p 1 ă 8, the Hopf C˚-algebras CL ppFOF q pFO F q and CL p 1 pFO F q pFO F q are not isomorphic (as Hopf C˚-algebras). Moreover, CL ppFOF q pFO F q is not isomorphic (as an abstract C˚-algebra) to either C u pOF q or CpOF q. (3) For each 2 ď p ă 8, the C˚-algebra CL ppFOF q pFO F q admits a unique trace. The results of the above theorem precisely parallel what is known about the ℓ p -C˚-algebras of free groups from [32] . Moreover, our general strategy for proving the above results is inspired by [32] : We first prove a non-commutative L q -version of the property of rapid decay for the discrete quantum groups FO F (Proposition 5.9) and use this geometric-analytic property in conjunction with the Haagerup property for FO F [7, 18] to characterize the positive definite functions on FO F that extend to states on the corresponding L p -C˚-algebra (Theorem 5.14). The estimates given by our L q -property of rapid decay also enable us to show, using a quantum "conjugation by generators" technique, that these C˚-algebras admit a unique tracial state. We point out, however, that the non-commutative nature of the spaces L p pGq in the quantum setting make some of the required techniques quite different from the corresponding ones for discrete groups. In particular, we are required to make extensive use of complex interpolation techniques and some notions from the theory of operator spaces to eventually arrive at Theorem 1.1.
Using the above tools developed to study the L p -C˚-algebras of FO F , we also investigate Van Daele and Wang's unimodular unitary free quantum groups FU F [40] , and obtain similar results there (see Corollary 5.23) .
Along the way to proving the above theorems , we also derive several general results on D-C˚-algebras of locally compact quantum groups which are of independent interest. In particular, we characterize the Haagerup property of a locally compact quantum group G in terms of its C 0 pGq-C˚-algebra (Theorem 3.20). We characterize the amenability of a unimodular discrete quantum group G in terms of the canonical quotient map from the universal C˚-algebra of G to CL ppGq pGq being isometric for some finite 1 ă p ă 8 (Theorem 4.5). We also introduce and develop some basic properties of the D-Fourier and D-FourierStieltjes algebras A D pGq and B D pGq associated with a locally compact quantum group G. These are natural "D-analogues" of the usual Fourier and Fourier-Stieltjes algebras for locally compact groups introduced in [22] . We note here that similar objects were considered in the context of ideal completions for locally compact groups in the work of Kaliszewski, Landstad and Quigg [27] . This paper is organized as follows. Section 2 contains a brief review of some aspects of the theory of locally compact quantum groups and their Hilbert space representations. Section 3 introduces the notion of a D-representation of a locally compact group G and the corresponding D-C˚-algebra of G, where D is any linear subspace of C b pGq. Here we introduce the D-Fourier(-Stieltjes) algebras, prove that CDpGq carries the structure of a compact quantum group whenever G is discrete and D is a subalgebra of L 8 pGq, and study the Haagerup property of locally compact quantum groups in terms of C 0 pGq-representations. In Section 4, we restrict our attention to unimodular discrete quantum groups and study the ideals L p pGq and the corresponding L p -C˚-algebras. In the final Section 5, we recall some facts about the (unimodular) free orthogonal/unitary quantum groups and then perform a detailed analysis of their L p -C˚-algebras.
Acknowledgements. The authors wish to thank Quanhua Xu for fruitful conversations related to complex interpolation at an early stage of this work and to thank the referee for helpful suggestions.
Preliminaries
In the following, we write b for the minimal tensor product of C˚-algebras or tensor product of Hilbert spaces, b for the spatial tensor product of von Neumann algebras and d for the algebraic tensor product. All inner products are taken to be conjugate-linear in the second variable.
2.1. Locally compact quantum groups. Let us first recall from [29] and [30] that a (von Neumann algebraic) locally compact quantum group is a quadruple G " pM, ∆, h L , h R q, where M is a von Neumann algebra, ∆ : M Ñ MbM is a co-associative coproduct, i.e. a unital normal˚-homomorphism such that
and h L and h R are normal faithful semifinite weights on M such that
We call h L and h R the left Haar weight and the right Haar weight of G, respectively, and we write L 8 pGq for the quantum group von Neumann algebra M. Associated with each locally compact quantum group G, there is a reduced quantum group C*-algebra C 0 pGq Ď L 8 pGq with coproduct
Here we let MpBq denote the multiplier algebra of a C*-algebra B. Therefore, pC 0 pGq, ∆q together with h L and h R restricted to C 0 pGq is a C*-algebraic locally compact quantum group.
Using the left Haar weight h L , we can apply the GNS construction to obtain an inner product Here, and later, we use the standard leg number notation:
pGq is the flip map. In this case, the coproduct ∆ on L 8 pGq can be expressed as ∆pxq " W˚p1 b xqW .
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Let L 1 pGq " L 8 pGq˚be the predual of L 8 pGq. Then the pre-adjoint of ∆ induces on L 1 pGq a completely contractive Banach algebra product
where we let p b denote the operator space projective tensor product. Using the Haar weights, one can construct an antipode S on L 8 pGq satisfying pS b ιqW " W˚. Since, in general, S is unbounded on L 8 pGq, we can not use S to define an involution on L 1 pGq. However, we can consider a dense subalgebra L 7 1 pGq of L 1 pGq, which is defined to be the collection of all ω P L 1 pGq such that there exists ω 7 P L 1 pGq with xω 7 , xy " xω, Spxq˚y for each x P DompSq. It is known from [28] and [30, Section 2] 
The correspondence is given by
We call U π the unitary representation of G associated with π. Given two representations pπ, H π q and pσ, H σ q, we can obtain new representations by forming their tensor product and direct sum. The unitary operator
We call the representation pπ j σ, H π b H σ q the tensor product of π and σ. The direct sum pπ ' σ, H π ' H σ q of π and σ is given by the representation
We often use the notion U π ' U σ for the corresponding unitary operator U π'σ .
For representations pπ, Hq of G, one of course has all of the usual notions of (ir)reducibility, intertwiners, unitary equivalence etc. that can be considered for representations of general Banach algebras.
The left regular representation is defined by
This is an injective completely contractive homomorphism from L 1 pGq into BpL 2 pGqq such that λpω 7 q " λpωq˚for all ω P L 7 1 pGq. Therefore, λ is a˚-homomorphism when restricted to L 7 1 pGq. The norm closure of λpL 1 pGqq gives us the reduced quantum group C˚-algebra C 0 pĜq and the σ-weak closure of λpL 1 pGqq gives us the quantum group von Neumann algebra L 8 pĜq. There is a coproduct on L 8 pĜq given bŷ ∆ :x P L 8 pĜq Ñ∆pxq "Ŵ˚p1 bxqŴ P L 8 pĜqbL 8 pĜq, 5 whereŴ " ΣW˚Σ. We can find Haar weightsĥ L andĥ R to turnĜ " pL 8 pĜq,∆,ĥ L ,ĥ R q into a locally compact quantum group -the dual quantum group to G. Repeating this argument for the dual quantum groupĜ , we get the left regular representation λ :ω P L 1 pĜq Þ Ñ pω b ιqŴ " pι bωqW˚P BpL 2 pGqq.
It turns out that C 0 pGq and L 8 pGq are just the norm and σ-weak closure ofλpL 1 pĜqq in BpL 2 pGqq, respectively. This gives us the quantum group version of Pontryagin dualitŷ
There is a universal representation π u : L 1 pGq Ñ BpH u q and we obtain the universal quantum group C˚-algebra C u pĜq " π u pL 1 pGqq }¨} . By the universal property, every representation π : L 1 pGq Ñ BpHq uniquely corresponds to a surjective˚-homomorphismπ from C u pĜq onto the C*-algebra C π pĜq " πpL 1 pGqq }¨} such that π "π˝π u . In particular, the left regular representation pλ, L 2 pGqq uniquely determines a surjective˚-homomorphismπ λ from C u pĜq onto C 0 pĜq. Considering the duality, we can obtain the universal quantum group C˚-algebra C u pGq and we denote by πλ : C u pGq Ñ C 0 pGq the canonical surjective˚-homomorphism. As shown in [28] , C u pGq admits a coproduct ∆ u : 
It is shown in [28] that the fundamental unitary W of G admits a "semi-universal" version W P MpC 0 pGq b C u pĜqq which has the property that for each representation π : L 1 pGq Ñ BpHq, the corresponding unitary operator U π can be expressed as
Moreover, W satisfies the following relations p∆ b ιq W " W 13 W 23 and pι b∆ u q W " W 13 W 12 . (2.1) 2.3. Compact and discrete quantum groups. A locally compact quantum group is called compact if C 0 pGq is unital, or equivalently h L " h R is a bi-invariant state (after an appropriate normalization). In this case, we will write CpGq for C 0 pGq. We say G is discrete ifĜ is a compact quantum group, or equivalently, if L 1 pGq is unital. Note that a discrete quantum group is always co-amenable, and compact quantum groups are always amenable. In particular, we always have C u pGq " C 0 pGq for discrete quantum groups.
Let G be a discrete quantum group. Denote by IrrpĜq the collection of equivalence classes of finite dimensional irreducible representations ofĜ. For each α P IrrpĜq, select a representative unitary representation pÛ α , H α q. ThenÛ α can be identified with a unitary matrix We call PolpĜq the algebra of polynomial functions onĜ.
The Haar stateĥ "ĥ L "ĥ R is always faithful when restricted to PolpĜq, and C u pĜq can be identified with the universal enveloping C˚-algebra of PolpĜq. This allows us to regard PolpĜq as a dense˚-subalgebra of C u pĜq, and the semi-universal fundamental unitary of the discrete quantum group G is given by
In general, for any discrete quantum group G, we have
Denote by C c pGq the (algebraic) direct sum À αPIrrpĜq BpH α q. Then C c pGq forms a common core for the Haar weights h L and h R .
For each α P IrrpĜq, denote by p α P L 8 pGq the minimal central projection whose support is BpH α q. Let Tr α be the canonical trace on BpH α q (with Tr α p1q " d α ). One can then find positive invertible matrices Q α P BpH α q which satisfy
The left and right Haar weights on G are given by the formulas
See [34, Equations (2.12)-(2.13)]. Using the left Haar weight h L (and the fact that L 8 pGq is a direct product of full matrix algebras), we have
As in the case of discrete groups, for each ω P L 1 pGq, we can find a unique x P L 8 pGq such that ω " ω x , where we define ω x pyq " h L pyxq for each y P L 8 pGq. Indeed, for each α P IrrpĜq letx α P BpH α q be the unique element such that ω| BpHαq " Tr α p¨x α q. Then one readily computes
Moreover, we have }x} L8pGq ď }ω} L 1 pGq . This yields a linear identification of L 1 pGq with the subspace
Using the above identification, we can transfer the convolution product on
We write z " x ‹ y and call z the convolution product of x and y. Since C c pGq Ď M h L , we can naturally identify C c pGq with a subspace ApGq " tω x : x P C c pGqu in L 1 pGq. In fact, ApGq is a norm dense Hopf˚-subalgebra of L 1 pGq (see [20] and [34] ). Therefore, we can conclude that the convolution product is closed on C c pGq, i.e for any x, y P C c pGq, we have z " x ‹ y P C c pGq. The above convolution product for C c pGq was also considered by Vergnioux in [43, Section 4.2] . We note that Vergnioux attributes the above convolution product to Podlès and Woronowicz [34] , but the reader should be aware that the convolution product considered here and in [43] does not appear explicitly in [34] . Indeed, [34, Section 2] considers the dual setting and constructs a convolution product on the Hopf˚-algebra PolpĜq.
3. D-representations and associated C˚-algebras 3.1. Coefficient functions of representations. Let π : L 1 pGq Ñ BpHq be a representation and let pU π , Hq be the associated unitary representation. For each ξ, η P H, we let ω ξ,η P BpHq˚denote the σ-weakly continuous linear functional x Þ Ñ xxξ|ηy and we call
One can of course slice representations by more general bounded linear functionals ω P BpHqå nd we also call ϕ In [15] , Daws and Salmi considered various quantum group generalizations of the notion of a positive definite function on a group. The reader should be warned that our notion of positive definiteness differs from the one in [15] . More precisely, an element y P C b pGq is a positive definite function in our sense if and only if y˚is a Fourier-Stieltjes transform of a positive measure in the sense of [15] .
The following lemma is a straightforward consequence of the definitions. 
Since L 8 pGq is the dual space of L 1 pGq, the product on L 1 pGq induces a natural L 1 pGqbimodule action on L 8 pGq given by
Lemma 3.4. For any representation pπ, Hq, ω P L 7 1 pGq and ξ, η P H, we have ϕ
This proves the first equality. The second equality is proved in the same fashion: Proof. We provide a proof for (1) and (3). The argument for (2) is similar. Let tpπ α , H α qu be a family of D-representations with norm dense subspaces H α,0 Ď H α . It is known from Lemma 3.3 that p' α π α , ' α H α q is again a representation with the associated unitary operator given by ' α U α . In this case, H 0 " tξ " pξ α q : ξ α P H α,0 and finitely many ξ α ‰ 0u is a norm dense subspace of ' α H α such that
Let D be a two-sided ideal, pπ, Hq a D-representation with norm dense subspace H 0 , and pσ, Kq another representation. Then Lemma 3.3 implies that pπjσ, HbKq and pσjπ, KbHq are D-representations with dense subspaces
Clearly every representation of G is an C b pGq-representation. Using the language of [16] , the C 0 pGq-representations are precisely the mixing representations of G and arise in the study of the Haagerup property. We will discuss this further in Section 3.6. When G is a discrete quantum group, we get L 8 pGq " C b pGq. In this setting another important space to consider is the two-sided ideal D " C c pGq in L 8 pGq and the corresponding class of C c pGqrepresentations. The following proposition shows that for discrete quantum groups, the left regular representation pλ, L 2 pGqq is the prototypical example of a C c pGq-representation.
Proposition 3.7. If G is a discrete quantum group, the left regular representation pλ, L 2 pGqq is a C c pGq-representation.
Proof. Since C c pGq is a dense subspace of L 2 pGq, it suffices to show that ϕ λ Λpxq,Λpyq P C c pGq px, y P C c pGqq.
Let us recall from equation (8.1) in [29] that
Since ∆pC c pGqqp1 b C c pGqq Ď C c pGq d C c pGq (see [20, Corollary 6 .5]), we have ϕ λ Λpxq,Λpyq P C c pGq for all x, y P C c pGq Ď L 2 pGq Remark 3.8. For general (non-discrete/non-compact) locally compact quantum groups, there is no good notion for the space C c pGq. In this case, we can replace C c pGq in Proposition 3.7 with the space Nh L X C b pGq and show that the left regular representation pλ, L 2 pGqq is an Nh L XC b pGq-representation. To see this, let us recall from [10, Section 3] that a representation π : L 1 pGq Ñ BpHq is square integrable if for each α in a dense subspace of H and every β P H, the bounded linear functional C π α,β " ω α,β˝π P C u pĜq˚is square integrable. I.e., the mapx P DompΛ u q Þ Ñ C π α,β pxq P C extends to a bounded linear functional on L 2 pĜq. Let us recall that there is a dense subspace
and each ω P I determines a unique element ξpωq P L 2 pGq such that xξpωq|Λpxqy " ωpx˚q for all x P N h L (see [29, Section 8] ). Then with respect to the dual Haar weightĥ L , we have the isometric identification ξpωq P L 2 pGq ÑΛpλpωqq "Λ u pπ u pωqq P L 2 pĜq pω P Iq. The following result is the discrete quantum group analogue of the fact that any square summable function on a discrete group can be realized as a coefficient function of the left regular representation. 
3.3. The D-C˚-algebra of G. Let G be a locally compact quantum group and let D be a linear subspace of C b pGq. We can define a C˚-semi-norm Under the above assumption, we define the D-C˚-algebra of G,
to be the norm closure of L 1 pGq (respectively, the closure of L 7 1 pGq) with respect to the norm }¨} D . When D " C b pGq, we will simply write C8pGq instead of CC b pGq pGq. Remark 3.11. For a discrete quantum group G, we can equivalently consider CDpGq as a C˚-completion of the algebra PolpĜq of polynomial functions onĜ. Indeed, since there is a natural˚-isomorphic identification between ApGq Ă L 7 1 pGq and PolpĜq, we see that each representation pπ, Hq of G uniquely corresponds to a˚-representation pπ, Hq of PolpĜq. We can then equivalently define a C˚-norm }¨} D on PolpĜq by setting
If we let C D pĜq " PolpĜq }¨} D
, then we obtain a canonical˚-isomorphism C D pĜq -CDpGq extending the isomorphism PolpĜq -ApGq. In the remainder of the paper, we will regard CDpGq and C D pĜq as the same object and simply refer to it as the D-C˚-algebra of the discrete quantum group G.
The following are some expected properties of D-C˚-algebras. Proposition 3.12. Let G be a locally compact quantum group.
(1) Every D-representation pπ, Hq of G extends uniquely to a˚-homomorphism π :
(2). It is routine to check that the set of D-representations of G separates the points in CDpGq. Therefore, for each 0 ‰ x P CDpGq we can find a D-representation 
so the existence of the quotient map σ : CD 2 pGq Ñ CD 1 pGq follows. (4). Since C u pĜq is the universal enveloping C˚-algebra of L 1 pGq and every representation π : L 1 pGq Ñ BpHq is an C b pGq-representation, the canonical isomorphism C8pGq -C u pĜq is immediate.
(5). Let G be discrete and
. By Proposition 3.7, the left regular representation λ is a C c pGq-representation and therefore λ extends to a surjective˚-homomorphism λ : CC c pGq pGq Ñ CpĜq.
Combining this with (3), we obtain a sequence of surjective˚-homomorphisms
extending the identity map on L 1 pGq, and it suffices to show that these maps are isometric.
, we can conclude from Proposition 3.9 that ϕ π ξ,ξ is a norm one positive definite function associated with λ. Therefore, we have
Since ǫ ą 0 is arbitrary, we have }ω} Nh L ď }λpωq}. 
3.4.
The coefficient spaces B D pGq and A D pGq. Two important objects in our study of D-C˚-algebras will be the spaces B D pGq and A D pGq of coefficient functions associated with these C˚-algebras. In this section, we define these objects and discuss a few of their basic properties. For locally compact groups, spaces of this type were studied in [27] . As usual, let D Ď C b pGq be a linear subspace for which }¨} D is non-degenerate on L 1 pGq. Given a representation pπ, H π q of G, we say that π is CDpGq-continuous if π extends to a representation of CDpGq on H π . We let
be the set of all coefficient functions of CDpGq-continuous representations of G. Since the direct sum of CDpGq-continuous representations is CDpGq-continuous, it is easy to see that B D pGq is a linear subspace of C b pGq. There is a natural Banach space norm on B D pGq given by
With this norm, we can isometrically identify B D pGq with the dual Banach space CDpGq˚. Indeed, ifμ P CDpGq˚, there exist a CDpGq-continuous representation pπ, Hq of G and vectors ξ, η P H such thatμ " ω ξ,η˝π . Since }μ} " inft}ξ}}η} :μ " ω ξ,η˝π u, the map
Remark 3.13. When D " C b pGq, we know from Lemma 3.3 that B C b pGq pGq is a subalgebra of C b pGq, while on the other hand the dual space C8pGq˚" C u pĜq˚is a completely contractive Banach algebra with product given byμ ‹ν " pμ bνq˝∆ u . With respect to these algebraic structures, B C b pGq pGq and C8pGq˚are isometrically anti-isomorphic. Indeed, the linear isometric isomorphism µ " ω ξ,η˝π P C8pGq˚Þ Ñ ϕ π ξ,η " pι b ω ξ,η˝π q W P B C b pGq pGq is anti-multiplicative since pι b∆ u q W " W 13 W 12 . Following the existing conventions for locally compact groups, we write BpGq " B C b pGq pGq and we call BpGq the Fourier-Stieltjes algebra of G. In particular, since C8pGq˚is a dual Banach algebra [14, Lemma 8.1] , it follows that BpGq is also a dual Banach algebra. (I.e., the multiplication map on BpGq is separately weak˚continuous).
It follows from Assumption 3.10 and Proposition 3.12 that if D 1 Ď D 2 Ď C b pGq are linear subspaces, then there are surjective˚-homomorphisms
extending the identity map on L 1 pGq. Taking adjoints, we obtain weak˚-continuous isometric inclusions
where B λ pGq " tϕ π ξ,η P BpGq : pπ, H π q is C 0 pĜq-continuousu -C 0 pĜq˚is the reduced Fourier-Stieltjes algebra of G. We will show in Proposition 3.15 that if D is any subalgebra (or a two-sided ideal) of C b pGq, then B D pGq is a closed subalgebra (or a closed two-sided ideal) of BpGq.
On the other hand, we let
be the set of all coefficient functions of D-representations of G. Since the direct sum of D-representations is again a D-representation (cf. Lemma 3.6) and every D-representation is CDpGq-continuous, A D pGq is a linear subspace of B D pGq. There is a natural norm on A D pGq given by
In general, we have }ϕ} A D pGq ě }ϕ} B D pGq for all ϕ P A D pGq. Since A D pGq clearly separates points in CDpGq (when viewed as a linear subspace of CDpGq˚under our linear isomorphism B D pGq -CDpGq˚), we obtain a contractive weak˚dense inclusion A D pGq ãÑ B D pGq.
If D " C b pGq, it is easy to see that A C b pGq pGq " BpGq isometrically, but in general it is not clear whether the inclusion A D pGq ãÑ B D pGq is always isometric. In the following proposition, we show that for a discrete quantum group G and any linear subspace
, A D pGq can be isometrically identified with the Fourier algebra ApGq of G, where ApGq " tϕ λ ξ,η : ξ, η P L 2 pGqu is the space of all coefficient functions of the left regular representation, equipped with the norm }ϕ} ApGq " inft}ξ}}η} :
With this norm, ApGq is isometrically isomorphic to the predual of L 8 pĜq and we have the isometric inclusions ApGq ãÑ B λ pGq ãÑ BpGq.
Proposition 3.14. Let G be a discrete quantum group and let C c pGq Ď D Ď L 8 pGq be a linear subspace .
(1) For any ϕ P ApGq, we have (1) now follows from the isometric inclusion ApGq ãÑ B λ pGq ãÑ BpGq. To prove (2) , it suffices to show that if C c pGq Ď D Ď Nh L and ϕ P A D pGq, then ϕ P ApGq. Now let us assume ϕ " ϕ π ξ,η for some D-representation pπ, Hq and ξ, η P H. We can choose two sequences of vectors pξ n q and pη n q n in the dense subspace H 0 Ď H such that ξ n Ñ ξ and η n Ñ η. Then ϕ n " ϕ π ξn,ηn P D is a sequence of D-coefficient functions such that }ϕ n´ϕ } A D pGq Ñ 0. Moreover, from Proposition 3.9 we know that each ϕ n P D is a coefficient function of pλ, L 2 pGqq and thus is contained in ApGq. Since pϕ n q n is a Cauchy sequence in A D pGq, we conclude from (1) that pϕ n q is also a Cauchy sequence in ApGq (since }ϕ n´ϕm } ApGq " }ϕ n´ϕm } A D pGq ). Therefore, there exists ψ P ApGq such that }ϕ n´ψ } ApGq Ñ 0. This implies that ψ P A D pGq and ϕ n Ñ ψ in A D pGq. So we must have ϕ " ψ P ApGq.
We conclude this subsection with the following result which shows that whenever the linear subspace D Ď C b pGq under consideration is a subalgebra or a two-sided ideal, the corresponding coefficient spaces A
isometric inclusion B D pGq ãÑ BpGq is weak˚-continuous, the fact that B D pGq is a subalgebra of BpGq is just a routine calculation using the separate weak˚-continuity of multiplication in the dual Banach algebra BpGq.
(2). If D is a two-sided ideal in C b pGq, then A D pGq is a two-sided ideal in BpGq by Lemma 3.6. The fact that B D pGq is a two-sided ideal in BpGq follows from the same reasoning as in (1).
3.5. D-C˚-algebras as compact quantum groups. In this section (unless stated otherwise), G will be a discrete quantum group with compact dual quantum groupĜ.
Let }¨} be a C˚-norm on the algebra of polynomial functions PolpĜq and denote byÂ the unital C˚-algebra obtained by completing PolpĜq with respect to this norm. Following [31] , we call }¨} a quantum group norm on PolpĜq if the coproduct∆ u : PolpĜq Ñ PolpĜqdPolpĜq extends continuously to a˚-homomorphism∆Â :Â ÑÂ bÂ. In this case, the pair pÂ,∆Âq then becomes a compact quantum group in the sense of Woronowicz [45] .
The following proposition shows that D-C˚-algebra norms provide natural examples of quantum group norms whenever C c pGq Ď D Ď L 8 pGq is a subalgebra. 
In
We leave the details to the reader.
Using Proposition 3.16, we can obtain a refinement of Proposition 3.15 by concluding that the D-Fourier-Stieltjes algebras are completely contractive Banach algebras. Certain results from this section admit partial generalizations to the locally compact case. Let G be a (not necessarily discrete) locally compact quantum group and D Ď C b pGq a subalgebra satisfying Assumption 3.10. Then B D pGq is a subalgebra of BpGq by Proposition 3.15. Since BpGq is completely isometrically anti-isomorphic to C u pĜq( with its canonical product p∆ u q˚), we can use [27, Lemma 3.15 ] to obtain a co-associative comultiplication ∆ D : CDpGq Ñ MpCDpGq b CDpGqq such that∆ D˝π " pπ bπq˝∆ u , whereπ : C u pĜq Ñ CDpGq is the canonical quotient map. We note, however, that when G is not discrete or compact it is not clear whether the pair pCDpGq,∆ D q can be made into a genuine locally compact quantum group since we do not know how to construct an antipode in general.
3.6. The Haagerup property and C 0 pGq-representations. In [16] , the definition of the Haagerup property for locally compact groups was extended to the setting of locally compact quantum groups. In particular, one of the (several equivalent) definitions of the Haagerup property for a locally compact quantum group G is the existence of an approximate identity pϕ i q iPI for C 0 pGq consisting of norm one positive definite functions. The following theorem was established for discrete groups by Brown and Guentner [9] . In the quantum case, the proof is similar.
Theorem 3.20. For a locally compact quantum group G, the following conditions are equivalent.
(1) G has the Haagerup property.
(2) The canonical quotient map C u pĜq Ñ CC 0 pGq pGq is an isomorphism. Proof. (1) ùñ (2). Let pϕ i q iPI be an approximate identity for C 0 pGq consisting of norm one positive definite functions, let ϕ P BpGq be another norm one positive definite function and consider the net of norm one positive definite functions pϕ i ϕq iPI Ď C 0 pGq. Let pπ i , H i , ξ i q be GNS constructions for ϕ i ϕ. Then π i is a C 0 pGq-representation [16, Lemma 3.3]. Since we also have xω
Taking the supremum over all norm one positive definite functions ϕ P BpGq, we obtain }ω} 2 CupĜq ď }ω}
1 pGq, and therefore the quotient map C u pĜq Ñ CC 0 pGq pGq is isometric.
(2) ùñ (1). Denote by R the collection of all C 0 pGq-representations of G and let ǫ : C u pĜq Ñ C be the dual co-unit. I.e, the˚-character given byǫpπ u pωqq " xω, 1y for each ω P L 1 pGq. Since C u pĜq -CC 0 pGq pGq, the representationǫ is weakly contained in R, which by the remark following [16, Theorem 2.1] means that there exists a net of cyclic
CupĜq qξ i |ξ i y Ñǫp1 CupĜ" 1, we may assume without loss of generality that }ξ i } " 1 for each i, and therefore pϕ i q iPI is a net of norm one positive definite functions in C 0 pGq. We now follow the argument in the proof of piq ùñ piiiq in [16, Theorem 5.5] to see that for each x P C 0 pGq, ϕ i x Ñ x and xϕ i Ñ x weakly in C 0 pGq. By passing to convex combinations of the net pϕ i q iPI , a Hahn-Banach argument yields a new net of norm one positive definite functions pψ j q jPJ Ă C 0 pGq that is an approximate identity for C 0 pGq.
Unimodular discrete quantum groups and the ideals L p pGq
Let us recall that a discrete quantum group G is unimodular (or a discrete Kac algebra) if Q α " 1 for all α P IrrpĜq. In this case, the antipode S is an isometric anti-automorphism on L 8 pGq and thus 7 defines a completely isometric involution on L 1 pGq " L 7 1 pGq. We have m α " d α and h " h L " h R is a semifinite trace on L 8 pGq, which is given by
Unimodularity of G is also equivalent to the traciality of the Haar stateĥ on the dual quantum groupĜ.
Here we identify L 1 pGq with M h and L 2 pGq with N h when we regard them as subspaces of L 8 pGq. The norm }¨} p on L p pGq is given by
and L p pGq is an L 8 pGq-bimodule satisfying
In particular, the spaces L p pGq give rise to examples of two-sided ideals in L 8 pGq.
The following lemma is easy.
Lemma 4.1. If |IrrpĜq| " 8 and
When dealing with elements x P M h we will at times write }ω x } p instead of }x} p when we wish to emphasize the identification M h -L 1 pGq. Remark 4.2. We can also obtain the non-commutative L p -space L p pGq as a natural complex interpolation space. See [33, Chapter 7] . For 1 ď p 1 ă p ă p 2 ď 8, there exists a positive number θ P p0, 1q such that
. In this case, we have
If T is a linear map, which is defined and bounded on both L p 1 pGq and
Lp 2 pGq . This fact will be used in the next section.
4.1.
The left and right actions of L 1 pGq on L p pGq. For a unimodular discrete quantum group G and p P r1, 8s, L 1 pGq acts on L p pGq in a natural way that extends the left action α 1 of L 1 pGq on itself by convolution:
Let us recall how this is done.
Motivated by the group case, we can similarly define a contractive left action α 8 of L 1 pGq on L 8 pGq given by
The following lemma was observed by Kalantar [26] , which shows that the above actions on L 1 pGq and L 8 pGq are compatible under the identification
Lemma 4.3. Let x P M h and ω P L 1 pGq. Then α 8 pωqpxq P M h and
In particular, α 8 pω y qpxq " y ‹ x P C c pGq for each x, y P C c pGq.
Proof. Let us first recall that for the (left=right) Haar weight h, we have from [29, Proposition 5.20 ] that pι b hq∆pyqp1 b xq " Sppι b hqp1 b yq∆pxqq px, y P N h q. Since α 8 pωqpxq " pω˝S b ιq∆pxq, for any y P N h Ă L 8 pGq we have xω α8pωqpxq , yy " hpy α 8 pωqpxqq " xω˝S, pι b hqp1 b yq∆pxqy " xω b h, ∆pyqp1 b xqy " xω b ω x , ∆pyqy " xω ‹ ω x , yy " xα 1 pωqpω x q, yy.
Since N h is σ-weakly dense in L 8 pGq, this proves the second assertion, i.e. ω α8pωqpxq " α 1 pωqpω x q for each x P M h and ω P L 1 pGq. The first and third assertions follow immediately from this calculation and the definition of the convolution product on C c pGq.
Therefore, for each ω P L 1 pGq, the induced action map α 8 pωq : x P L 8 pGq Þ Ñ x ‹ S˚pωq P L 8 pGq and the induced action map α 1 pωq : ω x P L 1 pGq Þ Ñ ω ‹ ω x P L 1 pGq are compatible maps with norms ď }ω} 1 . So for 1 ă p ă 8, we can take the complex interpolation to obtain a map α p pωq P BpL p pGqq with norm ď }ω} 1 . Since G is unimodular with tracial Haar weight h " h L " h R on G, we can similarly define the right L 1 pGq action β p on L p pGq by complex interpolation. More precisely, given any ω P L 1 pGq, we can obtain a map β p pωq P BpL p pGqq with norm ď }ω} 1 by interpolating between the right actions β 8 : L 1 pGq Ñ BpL 8 pGqq; β 8 pωqpxq " pι b ω˝Sq∆pxq " S˚pωq ‹ x and β 1 : L 1 pGq Ñ BpL 1 pGqq; β 1 pωqpω x q " ω x ‹ ω for all x P M h .
We call the maps α p : L 1 pGq Ñ BpL p pGqq and β p : L 1 pGq Ñ BpL p pGqq the canonical left and right actions of L 1 pGq on L p pGq, respectively. Observe that α p and β p are indeed left (resp. right) actions in the usual sense.
L p -representations and L p -C˚-algebras.
In this section we prove a few basic properties of L p pGq-(or simply L p -)representations of unimodular discrete quantum groups and their associated L p -C˚-algebras CL ppGq pGq. For notational simplicity, we will write Cp pGq instead of CL ppGq pGq for the remainder of the paper. In [9] , Brown and Guentner showed that for a discrete group G and 1 ď p ď 2, the ℓ p -C˚-algebra of G is canonically isomorphic to the reduced C˚-algebra of G. The generalization of this result to unimodular discrete quantum groups is an immediate consequence of Proposition 3.12 (5).
Proposition 4.4. Let G be a unimodular discrete quantum group. For each 1 ď p ď 2, the identity map on L 1 pGq extends to a˚-isomorphism Cp pGq -CpĜq.
On the other hand, Brown and Guentner [9, Proposition 2.12] showed that injectivity of the natural quotient map C˚pGq Ñ Cl p pGq for any 1 ď p ă 8 characterizes the amenability of G. In general, we have the following natural quantum group analogue of this result.
Theorem 4.5. Let G be a unimodular discrete quantum group. Then the following are equivalent.
(1) G is amenable.
(2) the canonical quotient map C8pGq Ñ Cp pGq is an isomorphism for some (and thus for all) 1 ď p ă 8.
Proof. p1q ùñ p2q. For any 1 ď p ă 8, we have the canonical quotient maps C8pGq Ñ Cp pGq Ñ CC cpGq pGq.
For discrete quantum groups, it is known from [35] and [36] that G is amenable if and only ifĜ is co-amenable, i.e. the canonical quotient map
C8pGq " C u pĜq Ñ CC cpGq pGq " CpĜq is an isomorphism. Therefore the canonical quotient map C8pGq Ñ Cp pGq is an isomorphism. p2q ùñ p1q. Let us assume that the canonical quotient map C8pGq Ñ Cp pGq is an isomorphism for some 1 ď p ă 8. Then we can find a positive integer k ě p and obtain the isomorphisms C8pGq " Ck pGq " Cp pGq.
Let π : L 1 pGq Ñ BpHq be a faithful L k pGq-representation such that π extends to a˚-isomorphism Ck pGq " πpL 1 pGqq }¨} Ď BpHq. By taking an amplification of π if necessary, we may assume that Ck pGq X KpHq " t0u. Letǫ be the co-unit of C8pGq " C u pĜq " Ck pGq given byǫpπ u pωqq " ωp1q for all ω P L 1 pGq. To prove (2) implies (1), it suffices to show that kerπ λ Ď kerǫ (see [5, Theorem 3.1] ). To see this, we apply Glimm's Lemma [12, Lemma II.5.1], which says that for the statê ǫ : Ck pGq Ñ C there exists a net of unit vectors pξ i q iPI Ă H such that ǫpxq " lim i xxξ i |ξ i y px P Ck pGq " C8pGqq.
In particular, for ω P L 1 pGq, we get
Hq is an L k pGq-representation, we may assume that each ξ i is chosen from the canonical dense subspace H 0 Ă H and therefore pϕ π ξ i ,ξ i q i is a net of norm one positive definite functions in L k pGq. In this case, Hölder's inequality implies that the k-fold product
is a norm one positive definite function in L 1 pGq Ď L 2 pGq. Applying Proposition 3.9 to pϕ π ξ i ,ξ i q k , we obtain a net of unit vectors pη i q iPI Ă L 2 pGq such that
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To conclude the proof, it suffices to show that ϕ λ η i ,η i Ñ 1 in the weak* topology of BpGq. Indeed, if this is the case, then for anyx P kerπ λ , we haveǫpxq " lim i ϕ λ η i ,η i pxq " lim i xπ λ pxqη i |η i y " 0, giving kerπ λ Ď kerǫ.
To establish that ϕ λ η i ,η i Ñ 1 in the weak* topology of BpGq, note that pϕ λ η i ,η i q iPI P BpGqCk pGq˚is a bounded net and that πpApGqq is norm dense in Ck pGq. Therefore by linearity and density it suffices to check that
" p α P BpH α q in norm (because BpH α q is finite dimensional) and hence also
In particular, for each x P BpH α q, we get
We end this section with a technical result which, among other things, gives a sufficient condition for a cyclic representation to be an L p -representation. The discrete group analogue of this result was proved by Okayasu [32] . This result will be used in Section 5. Proof. Let pπ, H, ξq be as above and assume that ϕ π ξ,ξ P L p pGq for some 1 ď p ă 8. Then H 0 " tπpωqξ : ω P L 1 pGqu is a dense linear subspace of H. For any a " πpω 1 qξ, b " πpω 2 qξ P H 0 , we have from Lemma 3.4 and the definitions of the left and right actions
To prove the second assertion, we use the following general fact about bounded operators on H (see for example the proof of [11, Theorem 1] Now let H 0 be the dense subspace defined above and A " πpωq for some ω P L 1 pGq. Then by (4.2),
p .
Letting k Ñ 8, we finally obtain }πpωq} ď lim inf kÑ8 }pω 7 ‹ ωq ‹2k } 1 4k
q .
Applications: exotic quantum group norms for free quantum groups
In this section, we use the theory developed in the previous sections to study the L p -C˚-algebras of some interesting examples of unimodular discrete quantum groups. We will mainly focus on the orthogonal free quantum groups. In Section 5.6 we also show how some of the techniques and results in the orthogonal case can be extended to the case of the unitary free quantum groups.
Definition 5.1 ([40]
). Let N ě 2 be an integer, let F P GL N pCq be such that FF "˘1. The orthogonal free quantum group (with parameter matrix F ) is the discrete quantum group FO F whose compact dual quantum group OF " z FO F is given by the universal C˚-algebra
whereŪ " rûi j s. The coproduct∆ u : C u pOF q Ñ C u pOF q b C u pOF q is determined uniquely by the equations∆
Let us first recall a few important facts about the quantum groups FO F .
Remarks 5.2.
(1) Note that the coproduct∆ u is defined so thatÛ is always a unitary representation of OF .Û is called the fundamental representation of OF . (2) The definition of FO F makes sense for any F P GL N pCq. The additional condition FF "˘1 is equivalent to the fact thatÛ is always an irreducible unitary representation of OF . Indeed, Banica [1] showed thatÛ is irreducible if and only if FF P R1. Moreover, OF and Oλ´1 {2 F are isomorphic as compact quantum groups for any λ ą 0. This is why we normalize so that FF "˘1. (3) It is also shown in [1] that FO F is amenable if and only if N " 2. Since we are interested in non-amenable quantum groups, we will assume for the remainder of the paper that N ě 3. (4) In [6], it is shown that FO F is unimodular if and only if F is a scalar multiple of a unitary matrix. As we shall assume that FO F is unimodular, and we normalize so that FF "˘1, we may take F to be unitary.
Notation 5.3. In order to simplify our notation, for the remainder of this section we will denote the L p -C˚-algebraic quantum group associated with FO F by pCp pFO F q,∆ p q.
The following theorem is the main result of the section and shows that the L p -C˚-algebras of unimodular orthogonal free quantum groups provide examples of exotic quantum group C˚-algebras.
Theorem 5.4. Let F P U N with FF "˘1.
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(1) For each 2 ď p ă p 1 ă 8, the canonical quotient map
extending the identity map on L 1 pFO F q is not injective. (2) For each 2 ă p ă 8, the C˚-algebra Cp pFO F q is not isomorphic (as a C˚-algebra) to either the universal C˚-algebra C u pOF q or the reduced C˚-algebra CpOF q.
Remark 5.5. Theorem 5.4 shows that there exists an uncountable family of pairwise nonisomorphic compact quantum group completions pCp pFO F q,∆ p q pPp2,8q of PolpOF q. Note, however, that it is an open question whether or not there is a C˚-algebra isomorphism Cp pFO F q -Cp1pFO F q when p ă p 1 P p2, 8q. All that we are able to prove is that the canonical quotient map Cp1pFO F q Ñ Cp pFO F q extending the identity map on PolpOF q is not an isomorphism. In fact, at this time we know very little about the structure of the C˚-algebras Cp pFO F q, aside from the following theorem.
Theorem 5.6. Let F P U N with FF "˘1. Then for each 2 ď p ă 8, the Haar state is the unique tracial state on Cp pFO F q.
To prove theorems 5.4 and 5.6, we will need several technical results, which may be of independent interest. In particular, we prove several quantum group analogues of results about the ℓ p -C˚-algebras of free groups proved by Okayasu in [32] .
5.1. Preliminaries on orthogonal free quantum groups. Let F P GL N pCq with FF "
1. Let us briefly review the representation theory of OF that was developed by Banica in [1] . The collection IrrpOF q of equivalence classes of irreducible unitary representations of OF can be identified with N 0 " N Y t0u and therefore
BpH n q.
Here, H 0 " C corresponds to the equivalence class of the trivial unitary representation of OF and H 1 " C N corresponds to the fundamental unitary representationÛ 1 "Û " rû ij s P M N pC u pOF qq. For n ě 2, one recursively defines the irreducible unitary representationÛ n to be the unique subrepresentation ofÛ jn acting on H bn 1 that is not equivalent to anyÛ k for any k ă n. We denote by Π n P BpH bn 1 q the orthogonal projection onto the subrepresentation equivalent toÛ n and concretely identify H n with the subspace Π n pH bn 1 q. Under the above labeling of IrrpOF q, OF has the following fusion and conjugation rules (which are the same as those of SUp2q):
Here, -means unitary equivalence of unitary representations. In particular, (5.1) implies that for each pl, k, nq P N 3 0 , there is at most one irreducible subrepresentation ofÛ n jÛ k unitarily equivalent toÛ l . In this case, we viewÛ l as a multiplicity-free subrepresentation ofÛ n j U k in the obvious way. Let ρ ą 1 be such that ρ`ρ´1 " N. Then we have the dimension formulas
where pS n q nPN 0 are the type 2 Chebyschev polynomials defined by S 0 pxq " 1, S 1 pxq " x, & S n`1 pxq " xS n pxq´S n´1 pxq pn ě 1q.
5.2.
The L q -property of rapid decay for FO F . A crucial tool in our analysis of the C˚-algebras Cp pFO F q for 2 ď p ă 8 is an L q -version of the property of rapid decay for FO F (Proposition 5.9), where 1 ă q ď 2 is the conjugate exponent to p. The q " p " 2 version of this result was proved for FO F by Vergnioux [43] , which in turn is a quantum version of Haagerup's famous result [24] showing that the free groups F k have the property of rapid decay.
We begin with a technical result. In the following, let ℓ 2 pdq be a d-dimensional complex Hilbert space and let te ij u 1ďi,jďd be the canonical system of matrix units in
Then for each 1 ď q ď 2, we have }Φpx b yq} SqpHbKq ď }x} SqpHbℓ 2 pdqq }y} Sqpℓ 2 pdqbKq px P S q pH b ℓ 2 pdqq, y P S q pℓ 2 pdq b Kqq.
Proof. It suffices to prove (5.2) when q " 1 and q " 2. The result for general 1 ď q ď 2 will then follow by complex interpolation for bilinear maps [3, p. 96]. We first consider q " 2. In this case, (5.2) follows immediately from the triangle and Cauchy-Schwarz inequalities:
We now turn to the case q " 1. Following [33, Chapter 7] , given an operator space V , we let S 
Then we have, for any Hilbert space L, an isometric identification
Here, S 1 pLq is given its canonical operator space structure as the predual of BpLq. (We remark that the spaces S 
pCq be the row and column matrices with entries given byã 1,ij " a ji andb ij,1 " b ij for each 1 ď i, j ď d. Then
and it follows from the definition of the S 1 pH b Kq-norm (see [33, Chapter 4] ) that
Taking the infimum of the above quantity over all representations x " a¨x¨b, we obtain
To conclude, we just observe that
Recall that for a unimodular discrete quantum group G, α p : Lemma 5.8. Let F P U N with FF "˘1. Then there is a constant D N ą 0 (depending only on N) such that for any 1 ď q ď 2 and each triple pl, k, nq P N
In the last equality we have used the fact that }y} Combining Lemma 5.8 with a standard Hölder estimate, we finally obtain our L q -property of rapid decay for FO F .
Proposition 5.9. Let F P U N with FF "˘1. Then there is a constant D N ą 0 depending only on N such that for each 1 ď q ď 2 and each n P N 0 ,
Proof. Given n, k, l P N 0 , we use the notation l Ă nbk to mean that H l is a subrepresentation of H n b H k . Now fix x P BpH n q and y " ř kPN 0 Since the fusion rules for FO F force both of the sets tk : l Ă n b ku and tl : l Ă n b ku to have cardinality at most n`1, we obtain
The proposition now follows.
We now combine Proposition 5.9 with Lemma 4.6 to obtain a corresponding Haageruptype inequality for Cp pFO F q.
Proposition 5.10. Let F P U N with FF "˘1. Then there is a constant D N ą 0 depending only on N such that for each 2 ď p ă 8 and each n P N 0 ,
where 1 ă q ď 2 is the conjugate exponent to p.
Proof. Fix n P N 0 and x P BpH n q. Let π : L 1 pFO F q Ñ BpHq be an L p -representation with canonical dense subspace H 0 . By density, it suffices to show that
for each unit vector ξ P H 0 . Fix such a ξ P H 0 and consider the cyclic representation pσ, K, ξq given by σ " π| K and K " πpL 1 pFO F qqξ. Since the coefficient function ϕ σ ξ,ξ belongs to L p pGq, Lemma 4.6 implies that σ is an L p -representation and
On the other hand, from the definition of the left action α q : L 1 pFO F q Ñ BpL q pFO F qq, q . The proposition now follows from these inequalities.
The following is an immediate consequence of Proposition 5.10 and Hölder's inequality. For each non-zero x P C c pFO F q, we define npxq :" maxtn P N 0 : p n x ‰ 0u.
Corollary 5.11. For each 2 ď p ă 8, we have
Proof. Let x P C c pFO F q and write x " ř npxq n"0 p n x. By the triangle inequality, Proposition 5.10, and Hölder's inequality, we obtain
5.3.
Positive definite functions associated with Cp pFO F q. In this section we use our Haagerup inequality for Cp pFO F q (Proposition 5.9) to give a characterization of the positive definite functions on a unimodular orthogonal free quantum group FO F that extend to states on Cp pFO F q in terms of a weak L p -condition relative to a natural length function ℓ defined on Irrp z FO F q. We begin by recalling ℓ and the natural semigroup that it generates.
Notation 5.12. Denote by ℓ : N 0 -Irrp z FO F q Ñ r0, 8q the canonical length function. I.e., ℓpnq " n for each n P N 0 . For each F P GL N pCq with FF "˘1, we define a multiplicative semigroup of central elements pr ℓ q rPp0,1q Ă C 0 pFO F q by setting
At times, we will also regard ℓ as the unbounded operator ℓ " ś
n1 BpHnq affiliated to L 8 pFO F q which generates the semigroup r ℓ .
Remark 5.13. The semigroup pr ℓ q rPp0,1q P C 0 pFO F q can be regarded as an analogue of the Poisson semigroup of positive definite functions on the free group F N (see [24] , Lemma 1.2). Note, however, that unlike in the free group case, r ℓ fails to be a positive definite function on FO F (see Section 1 of [43] ).
For the purposes of the following theorem, we will need to use the fact that the quantum groups FO F have the Haagerup property. More precisely, we require an approximate identity pϕ r q rPp0,1q Ă C 0 pFO F q consisting of positive definite functions which has the same (exponential) decay rate as the semigroup pr ℓ q rPp0,1q . This can be done as follows. Let pS n q nPN 0 be the type 2 Chebyschev polynomials defined in Section 5.1, and for each r P p0, 1q, define
Let 2 ă t 0 ă 3 be fixed. Using the formula S n pxq "
where ρpxq "
1´4x´2¯and x ě 2, one can easily find constants 0 ă C 1 ă C 2 depending only on N and t 0 such that
Since lim rÑ1
SnprN q SnpN q " 1 for each n P N 0 , this shows that pϕ r q rPp0,1q Ă C 0 pFO F q is an approximate unit with the required exponential decay. To see that ϕ r is positive definite, we appeal to [7, Proposition 4.4] and [18, Theorem 17] , where it is shown that each ϕ r implements a unital completely positive (central) multiplier of L 1 pOF q. I.e., there exists a completely bounded map L˚P CBpL 1 pOFgiven bŷ
whose adjoint L " pL˚q˚is a σ-weakly continuous unital completely positive map on L 8 pOF q.
(This was proved for F " 1 N in [7] and the general case can be deduced from [18] .) To conclude, we just note that the complete positivity of L is equivalent to the positive definiteness of ϕr " ϕ r by Theorem 6.4 of [13] . See also Remark 5.13.
We now arrive at our characterization of the positive definite functions on FO F which extend to states on Cp pFO F q.
Since we have ω ij " 1 N ω e ji , it follows that }ω ij } 1 " }ω 7 ij } 1 " 1 for each 1 ď i, j ď N, and therefore one obtains the trivial bound }Φ} L 1 pFO F qÑL 1 pFO F q ď N. In the following lemma, we show that this bound can be greatly improved.
Proof. Since L 1 pFO F q " L 8 pFO F q˚is a completely contractive Banach algebra, we have 
where in the second inequality we have used }a} " }a t } " ? N, the complete contractivity of the convolution product ‹, and the fact that the involution 7 is a complete isometry.
To conclude the proof, recall that we have a completely isometric identification M N pL 1 pFO F-CB σ pL 8 pFO F q, M N pCqq, where the latter operator space is the collection of all completely bounded σ-weakly continuous linear maps from L 8 pFO F q to M N pCq. This identification is given by
As a consequence, our matrix Ω " rω ij s P M N pL 1 pFO Fcorresponds (under this identification) to the completely positive projection map
and a similar argument yields
Since the left and right actions of L 1 pFO F q extend to actions of L 1 pFO F q on L p pFO F q, we can also consider the map Φ as a bounded linear map on L p pFO F q for each 1 ď p ď 8. In the following proposition, we let L p,0 Ă L p pFO F q denote the codimension 1 subspace given by the }¨} p -completion of À ně1 BpH n q " C c pFO F q a Cp 0 . Note that since ΦpL p,0 q Ď L p,0 for each p, we may regard Φ as a bounded linear map on L p,0 . The following norm estimate is crucial for our proof of unique trace for Cp pFO F q.
Proposition 5.18. For each 1 ă q ď 2, there is a constant 0 ă Cpq, Nq ă 1 such that
Proof. From Lemma 5.17 we have }Φ} L 1,0 ÑL 1,0 ď 1, and in the proof of Theorem 7.2 in [39] it is shown that there exists a constant 0 ă CpNq ă 1 such that }Φ} L 2,0 ÑL 2,0 ď CpNq. Since L q,0 is the complex interpolation space pL 1,0 , L 2,0 q θ , where θ " 2p1´q´1q, it follows that
We now have all the tools we need to prove Theorem 5.6. 
Indeed, if (5.7) is true and τ is any Cp pFO F q-norm continuous tracial state on L 1 pFO F q, then τ pωq " lim kÑ8 τ pΦ k pωqq " τ pω p 0 qxω, p 0 y " xω, p 0 y for each ω P L 1 pFO F q. To prove (5.7), fix x P C c pFO F q and consider ω x P L 1 pFO F q. (By density, it suffices to prove (5.7) for elements of the form ω x ). Using the notation from Corollary 5.11, let npxq " maxtn : p n x ‰ 0u. For each k P N, let z k P C c pFO F q be the unique element such that Φ k pω x´x ω x , p 0 yω p 0 q " ω z k . Using the fusion rules for OF described in Section 5.1, we get the estimate npz k q ď npxq`2k. In particular, it follows from Corollary 5.11 and Proposition 5.18 that
5.6. Unitary free quantum groups. In this section we will outline how the ideas developed to study the L p -C˚-algebras Cp pFO F q can be adapted to the case of (unimodular) unitary free quantum groups. Let F P GL N pCq be such that FF "˘1. Recall from [40, 2] that the unitary free quantum group FU F is the discrete quantum group whose compact dual quantum group UF " y FU F is given by the universal C˚-algebra C u pUF q " C˚`tû ij u 1ďi,jďN |Û " rû ij s and FŪF´1 are unitary˘.
The coproduct∆ u for UF is defined exactly as it is for OF . In particular,∆ u is defined so thatÛ becomes an irreducible unitary representation of UF . It is known that FU F is nonamenable if and only if N ě 2 [2] . As in the orthogonal case, we have by [2, Théorème 3] that FU F is unimodular if and only if our F (which satisfies FF "˘1) is a unitary matrix. In this case, using [2, Remarque on page 145], we can replace F by the identity matrix without changing the underlying discrete quantum group. Therefore, for the remainder, we work with FU N :" FU 1 N and UǸ :" z FU N . Let us recall the structure of the irreducible unitary representations of UǸ obtained in [2] . There is a natural identification between IrrpUǸ q and the free semigroup F2 on two generators, which sends the pair of irreducible unitary representations pÛ ,Ûq to the pair of generators of pα, βq of F2 and the trivial representation to the empty word e P F2 . The conjugation and fusion rules of the irreducible unitary representations are determined recursively by gÛ "Ûg,Ûg " gÛ , gÛ jÛ h " gÛÛ h, gÛ jÛ h " gÛÛ h ' pg j hq pg, h P F2 q.
In particular, each inclusion γ Ă g j h of irreducible representations is multiplicity free. Finally, fix a family pH g q gPF2 of representative Hilbert spaces on which the irreducible representations of UǸ act. Denote by ℓ : F2 Ñ N 0 the canonical word length function and define, for each n P N 0 , the subspace
Note that C c pFU N q n " p n L 8 pFU N q where p n is the central projection p n " ř ℓpgq"n p g . Using the above length function ℓ and the corresponding homogeneous subspaces C c pFU N q n of length n, we will prove an L q -property of rapid decay for the quantum group FU N similar to Proposition 5.9. As in the orthogonal case, the following theorem is a key tool in proving that the L p -C˚-algebras associated to FU N are exotic. To obtain this theorem and the results that follow, we exploit the close structural relationship between FO F and FU F discovered in [2] . This allows us to use our work in the previous section on FO F to deduce corresponding results for FU F .
Recall that α q denotes the natural left action of L 1 pFU N q on L q pFU N q.
Theorem 5.19. Let N ě 3. Then there is a constant D N ą 0 depending only on N such that for each 1 ă q ď 2 and each n P N 0 , }α q pω x q} BpLqpFU Nď D N pn`1q}x} q px P C c pFU N q n q. Proof. Fix γ, g, h P F2 and x P BpH g q, y P BpH h q as above. We assume that γ Ă g j h (otherwise p γ pα q pω x qyq " 0 and there is nothing to prove). Since the inclusion γ Ă g j h is multiplicity-free, the arguments in the proof of Lemma 5.8 apply in the present context to show that it suffices to obtain the following analogue of inequality (5.4): is the (unique up to scaling by T) isometric inclusion of representations H γ ãÑ H g b H h . To establish (5.11), we will examine three cases.
Case 1: If g j h is irreducible, then γ " g j h and (5.11) holds trivially.
Using this formula we may now proceed along the lines of the proof of Lemma 5.8 (using the notation therein). Identify H ℓpg 2 q with the highest weight subspace of H ℓpg 2 q b pC N q bℓpτ 1 q and identify H ℓph 2 q with the highest weight subspace of pC N q bℓpτ 1 q b H ℓpg 2 q . Let te i,j u i,j , te I,J u I,J and te I,J u I,J be the canonical matrix units for BppC N q bℓpτ 1, BpH f q and BpHf q, respectively. Then we can uniquely write x P BpH g q and y P BpH h q as }p l pα q pω x qpyqq} q ď D N }x} q }y} q px P C c pFU N q n , y P C c pFU N q k q. (5.13) Fix x P C c pFU N q n , y P C c pFU N q k and l P N 0 . We write l Ă n b k if there exist γ, g, h P F2 such that γ Ă g jh and pℓpγq, ℓpgq, ℓphqq " pl, n, kq. Note that to prove (5.13), we can assume l Ă n b k, since p l pα q pω x qpyqq " 0 otherwise. Let γ Ă g j h with pℓpγq, ℓpgq, ℓphqq " pl, n, kq and let r " n`k´l 2
. Then there exists a unique triple pτ, g 1 , h 1 q P pF2 q 3 with pℓpτ q, ℓpg 1 q, ℓph 1 q " pr, n´r, k´rq, g " g 1 τ , h "τ h 1 and γ " g 1 h 1 . Moreover, every such triple pγ, g, hq arises in this way. Using this change of variables, we can write p l α q pω x qpyq " ÿ ℓpγq"l ℓpgq"n ℓphq"k p γ α q pω pgx qpp h yq " ÿ ℓpg 1 q"n´r ℓph 1 q"k´r ÿ ℓpτ q"r p g 1 h 1 α q pω p g 1 τ x qppτ h 1 yq.
Since the projections p g 1 h 1 are mutually orthogonal for differing values of g 1 , h 1 , we obtain the following L q -norm estimate. This proves (5.13). The proof of (5.8) using (5.13) is now almost identical to the proof of Proposition 5.9. Indeed, since the fusion rules for IrrpUǸ q imply that l Ă n b k iff l " n`k´2r for some 0 ď r ď mintn, ku, it follows (just as in the orthogonal case) that the sets tk : l Ă n b ku and tl : l Ă n b ku have cardinality at most n`1. The rest of the argument follows the proof of Proposition 5.9 verbatim: Take y " ř kPN 0 y k P L q pFU N q with y k " p k y P C c pFU N q k . Then p l pα q pω x qy k ‰ 0 only if l Ă n b k, and therefore Using Theorem 5.19, we obtain a characterization of the positive definite functions on FU N that extend to states on Cp pFU N q which parallels the orthogonal case (Theorem 5.14).
Theorem 5.22. Let N ě 3 and 2 ď p ă 8. The following conditions are equivalent for a positive definite function ϕ P BpFU N q:
(1) ϕ P B LppFU N q pFU N q.
(2) sup nPN 0 pn`1q´1}p n ϕ} p ă 8.
(4) ϕ is weakly L p . I.e., r ℓ ϕ P L p pFU N q for each 0 ă r ă 1, where pr ℓ q rPp0,1q Ă C 0 pFU N q denotes the semigroup r ℓ " ź gPF2 r ℓpgq 1 BpHgq .
Proof. The implications (1) ùñ (2) ùñ (3) ùñ (4) are proved exactly as in Theorem 5.14. (4) ùñ (1). In [7, Section 5.2] , an approximate unit pψ r q 0ăκără1 Ă C 0 pFU N q consisting of norm one positive definite functions was constructed with the property that ψ r ď Cr ℓ for some C ą 0 (depending only on N) [7, Proposition 5.8] . (Warning: In [7] this net is denoted by pΨ t q t where t P pt 0 , Nq. See equation (5.10) in [7] . Here we are taking ψ r "Ψ rN where κ " t 0 {N ă r ă 1). Using the approximate unit pψ r q r , we conclude that ϕ P B LppFU N q pFU N q exactly as in the orthogonal case.
We can now prove that the C˚-algebras pCp pFU NpPp2,8q are all exotic.
Corollary 5.23. Let N ě 3.
(1) For each 2 ď p ă p 1 ă 8, the canonical quotient map Cp1pFU N q Ñ Cp pFU N q extending the identity map on L 1 pFU N q is not injective. (2) For each 2 ă p ă 8, the C˚-algebra Cp pFU N q is not isomorphic (as a C˚-algebra) to either the universal C˚-algebra C u pUǸ q or the reduced C˚-algebra CpUǸ q.
Proof.
(1). We recall from [17] the notion of a (closed) quantum subgroup H a discrete quantum group G. In particular, H is discrete, IrrpĤq Ď IrrpĜq and L 8 pHq can be identified with the subalgebra pĤL 8 pGq, where pĤ " ř αPIrrpĤq p α . Moreover it follows from [41, Proposition 2.2] that pĤ is implements a unital completely positive multiplier of L 1 pĜq in the sense of Remark 5.13. In particular, pĤ is a norm one positive definite function on G by [13, Theorem 6.4] .
